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I. INTRODUCTION
The remarkable progress in high power laser technology raises the question, how the
expected tens of petawatt1,2 or even exawatt3 laser facilities can be used for fundamental
research. One of the widely discussed suggestions is strong field quantum electrodynamics
(QED), which becomes observable4–10.
In this paper we discuss another problem, the use of high power lasers for investigation
of gravity. Namely, we study ions, accelerated by ultra strong laser pulse, as a source of
gravitational waves (GW)11, a prediction of Einstein’s general theory of relativity.
From the 1960s, there were attempts to detect GW coming from space first with Weber
resonant detectors12 in the frequency range < 100 Hz, later with interferometers such as
LIGO13,14 or VIRGO15 in the frequency range 10 Hz to 20 kHz. Later, the so called GW Hertz
experiments were considered, which consist of the generation and detection of GW under
laboratory conditions using for GW generation nuclear explosion16 or particle accelerator17,
see more examples in18,19.
Recently it was suggested to use ions accelerated by laser field as terrestrial generator of
GW20. Such waves would emit GW in the frequency range of GHz to THz. In forthcoming
laser facilities1–3 the speed of accelerated ions would be close to the speed of light, and in
this paper a relativistic approach is used to investigate GW.
GW from the astrophysical event, merging of two black holes, were registered recently
by LIGO collaboration21. However the generation of GW in the laboratory would provide
outstanding opportunities for investigation of this phenomenon. In the present paper we
will study the possibility of such generation with forthcoming laser facilities.
Gravitational waves have also been linked to high power lasers in the recent paper22, where
GW from electron-positron pairs, created by strong electromagnetic field were considered.
Since GW are very weak, the linear approximation of Einstein equations is used
gij = ηij + hij, hij = −16piG
c4
Tij, (1)
where  = 1
c2
∂2
∂t2
−∆ is the d’Alembert operator, T is the energy-momentum tensor, g is the
metric tensor, η is the metric of the Minkowski spacetime, and |hij|  1 is the perturbation
of the flat spacetime, caused by gravitational waves, G is the gravitational constant and c is
the speed of light. We use Gaussian units throughout. The gravitational waves are assumed
to be plane waves because of the large distance from the source as compared to wavelength.
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We consider two models of ion acceleration. First of them is the piston model23–25,29,
which describes laser acceleration of a thick plasma target. Electrons are pushed forward
by the radiation pressure force and induce a charge separation in the plasma, generating a
strong electrostatic field, which accelerates ions. As a result a shock wave like structure is
formed in the plasma23. The velocity of the shock wave front in the piston reference frame
coincides with the piston velocity in the laboratory frame and is equal23 to
vf = βfc =
B
1 +B
c, B =
√
I
minic3
, (2)
where I is the laser pulse intensity, mi the ion mass, and ni the ion density.
If the plasma target is thin, then radiation pressure can completely separate charges and
further accelerate ions, because they are not anymore screened by the background plasma25.
This regime is described by the Light Sail (LS) model25–29. The equation of motion of the
target reads
duj
dt
=
2I
minilc2
√
1 + u2 − uj√
1 + u2 + uj
, (3)
where uj is the component of the 4-velocity along the direction of the laser pulse propagation,
and l is the thickness of the target. The optimal for acceleration thickness of the target can
be estimated as28:
l ∼ a0
pi
nc
ne
λ, a0 =
√
I
ncmec3
, (4)
where λ is the laser wavelength and ne is the initial electron density, nc = meω
2/4pie2 is
the critical density, me and e are electron mass and charge, and ω is the laser frequency
ω = 2pic/λ.
II. GW AMPLITUDE
A. Piston model
In the laser piston case accelerated ions move along the laser pulse direction at the
velocity23,24 vi = 2βfc/(1+β
2
f ). Suppose, that a laser pulse propagates along the x direction.
Then the non-vanishing spatial component of the energy-momentum tensor30 reads
T xx(t, r) = ρ0c
2(ux)2Θ(t, r), (5)
where ρ0 is the mass density of accelerated ions in their proper reference frame, which
is equal to the mass density of undisturbed plasma in the lab frame, ρ0 = ρi ≡ mini,
3
ux = γivi/c = 2βfγ
2
f is the x-component of the ion four-velocity (the other components
uy = uz = 0), and γi,f = (1−v2i,f/c2)−1/2 are the gamma-factors. If we assume for simplicity,
that the profile of accelerated plasma is a square of side 2a, then Θ(t, r) for the laser piston
takes the form
Θp(t, r) = θ(a− |y|)θ(a− |z|)θ(vit− x)θ(x− vf t)θ(t)θ(τp − t), (6)
where θ is the Heaviside step function and τp is the piston acceleration time in the lab frame.
It is related to the duration of the laser pulse τ via
τp =
τ
1− βf , (7)
because in the piston frame laser pulse duration is equal to τ
√
1+βf
1−βf due to the Doppler
effect, and after the transition to the lab frame we obtain (7).
The Fourier transform of the energy-momentum tensor is
T˜ xx(ω,k) = c
∫
dtdrT xx(t, r)eiωt−ikr =
=
16β2fγ
4
fρic
3 sin kya sin kza
kxkykz
×
[
eiτp(ω−kxvi) − 1
ω − kxvi −
eiτp(ω−kxvf ) − 1
ω − kxvf
]
.
(8)
In the transverse-traceless gauge the metric distortion caused by a plane gravitational wave
can be calculated11 as
hij =
4G
rc5
Λij,kl(m)
∞∫
−∞
dω
2pi
T˜ kl(ω, ωm/c)e−iω(t−r/c), (9)
where r is the distance to the gravitational wave source, m is the direction of wave propaga-
tion, and the Lambda tensor is Λij,kl(m) = Pik(m)Pjl(m)− 12Pij(m)Pkl(m) with Pij(m) =
δij −mimj the projector with respect to the unit wave vector m and δij is the Kronecker
delta symbol.
Consider a plane gravitational wave propagating in z direction. The only non–zero
components of the Lambda tensor are Λxx,xx(zˆ) = Λyy,yy(zˆ) =
1
2
,Λxy,xy(zˆ) = Λyx,yx(zˆ) =
1,Λyy,xx(zˆ) = Λxx,yy(zˆ) = −12 . And then the non-zero components of hij are hxx and hyy as
T˜ yy = T˜ xy = 0 due to uy = uz = 0.
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In this case, metric distortion takes the form
hxx = −hyy =
32Gρiβ
2
fγ
4
f (βi − βf )a3
pirc2
J(t, r), (10)
where
J(t, r) =
∞∫
0
dξ
sin ξ
ξ3
[cos(µ− ν)ξ − cos νξ + µξ sin(µ− ν)ξ] , (11)
and µ = cτp
a
, ν = ct−r
a
. The integral can be calculated explicitly
J(t, r) =
pi
8
[|ν + 1|(ν + 1) + |ν − 1|(1− ν)+
|µ− ν + 1|(µ+ ν − 1)− |ν − µ+ 1|(µ+ ν + 1)] ,
(12)
and the component of perturbation hxx(t) is plotted in the Fig. 1 (a). One can see, that the
gravitational wave reaches the detector at time t = (r−a)/c, when the disturbance from the
upper side of the ion target comes to the observation point. The wave leaves the detector
at the moment t = τp +
r+a
c
. J(t, r) reaches its maximum value cτp/a − 1 at the moment
r−a
c
r+a
c τp +
r−a
c τp +
r+a
c
time
h
x
x
a)
r−a
c
r+a
c τLS +
r−a
c τLS +
r+a
c
time
h
x
x
b)
FIG. 1: The metric perturbation at distance r for: (a) the plasma piston model; (b) the
light sail model. In both cases metric perturbation is normalized to hmax. τp, τLS > 2a/c.
t = τp + (r − a)/c, and hence the amplitude of GW in the piston case is equal to
h(p)max =
16GEp
rc4
, (13)
where Ep = 2ρia2τc3B3(1+B)2/(1+4B+6B2+4B3) is the total kinetic energy of accelerated
ions and we substituted the definitions of βf , γf , βi and assumed that cτp  a. This
condition implies that the acceleration time is much longer then the laser period.
According to (2) the shock wave velocity vf and hence the velocity of accelerated ions vi
increase when ni decreases. Therefore to maximize the metrics distortion (13) we choose the
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lowest possible ion density. It is defined by the fact that to make efficient piston acceleration,
a nontransparent piston is needed. In the relativistic laser plasma interaction, this transfers
into the requirement that the electron density ne in the piston is higher that the critical
density nc multiplied by the gamma factor of electrons, which is approximately equal to a0,
i.e. for the optimal density we get
ρ
(opt)
i = a0ncmi, (14)
and hence
B(opt) =
√
a0
me
mi
. (15)
If the distance to the detector is r = 10 m, laser frequency ω = 1015 Hz, laser intensity
I = 1024 W/cm2, laser pulse duration τ = 100 fs, mi – proton mass, a = 1 µm, then the
ions total kinetic energy can be estimated as Ep ≈ 0.7 kJ, ions optimal density ρ(opt)i ≈ 0.6
g/cm3 and maximal metrics distortion h
(p)
max ≈ 9.1 · 10−42.
B. Light sail model
In the case of the LS-model26,27 the solution of the equation of ions motion (3) reads
ux = sinhψ − 1
4 sinhψ
, ψ =
1
3
arcsinh(Ωt+ C). (16)
Here C =
3(ux0+
√
(ux0 )
2+1)
2
+
(ux0+
√
(ux0 )
2+1)3
2
, ux0 is the x component of the four velocity of ions
at the beginning of the LS acceleration regime and
Ω =
6I
minilc2
= 6pi
c
λ
me
mi
a0, (17)
where we took into account estimation (4) for target thickness. If we assume, that Ωt 
max(1, C), (ux0  1 and C ≈ 2) , then the solution (16) can be simplified to
ux ≈
(
Ωt
4
)1/3
, (18)
because ux can be approximated as ux ' sinhψ ' eψ/2 and the relativistic γ factor can be
estimated as γ ≈ ux.
The LS acceleration time can be calculated as (see the explanation after Eq. (7))
τLS =
τ∫
0
dt
1− v(t)/c ≈ 2
τ∫
0
(
Ωt
4
)2/3
dt =
6
5
(
Ωτ
4
)2/3
τ (19)
6
For I ∼ 1024 W/cm2, τ ∼ 100 fs, mi ∼ proton mass, λ = 1 µm, ΩτLS ∼ (Ωτ)5/3 ∼ 103  1,
and the approximate solution, Eq. (18) is valid for almost the whole acceleration time interval
0 < t < τLS.
Assume that the profile of the target is a square of side 2a, and its proper thickness,
which is defined by Eq. (4), does not change during the acceleration. The dependence of
energy-momentum tensor of accelerated ions (5) on coordinates and time then reads
ΘLS(t, r) =θ(a− |y|)θ(a− |z|)θ(t)θ(τLS − t)×
θ(ct+ l/γ − x)θ(x− (ct− l/γ)).
(20)
After Fourier transform we get
T˜ xx(ω,k) =
8ρ0c
3 sin kya sin kza
kxkykz
×
τLS∫
0
dt
(
Ωt
4
)2/3
eit(ω−ckx) sin
[
kxl
(
Ωt
4
)−1/3]
.
(21)
Consider GW propagating in z direction. According to the definition Eq. (9), the per-
turbations in the LS model can be expressed as
hxx = −hyy = 6Gρ0al
rc
(
Ω
4
)1/3
H(t, r), (22)
where
H(t, r) = θ(ct− r + a)θ(cτLS − ct+ r + a)×[
min
(
t− r − a
c
, τLS
)4/3
−max
(
0, t− a+ r
c
)4/3]
,
(23)
and we used the relation
∞∫
−∞
dξ sin ξ
ξ
eibξ = piθ(1 − |b|). The function hxx(t) is presented in
Fig. 1 (b). If as before τLS  2a/c, the function (23) has the maximum Hmax = 8a3c τ 1/3LS , at
t = τLS + (r − a)/c. Hence the amplitude of the gravitational wave takes the form
h(LS)max =
16GELS
rc4
, (24)
where ELS = (ΩτLS/4)1/3 ρ0a2lc2 is the total energy of accelerated ions. Note, that according
to (4) l ∼ 1/ne, and then GW amplitude in the LS model does not depend on ion density.
Considering the values I = 1024 W/cm2, a = λ = 1 µm, τ = 100 fs, r = 10 m and mi the
mass of proton, one can estimate ELS ≈ 0.3 kJ and the value of (24) as h(LS)max ≈ 3.7 · 10−42.
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The scaling of hmax with laser intensity for both models is plotted in the Figure 2 (a).
In all the intensity range considered here, piston model gives higher metric distortion than
the light sail model. The same values of hmax are reached only at intensities of the order
1027 W/cm2 but in this range quantum electrodynamic effects must be considered as they
may change the interaction significantly. In both models, the scaling with laser intensity is
weaker than linear, which means that higher metric distortions can be in principle obtained
using larger laser spot size and smaller laser intensity (with the same laser pulse energy).
Nevertheless the minimum laser intensity is related to the validity of the piston and the light
sail model (radiation pressure acceleration of ions must be dominant) and thus the metric
distortion cannot be increased significantly.
III. SPECTRUM AND ANGULAR DISTRIBUTION OF GW
The spectral angular distribution of GW is given11 as:
dEGW
dωdO
=
Gω2
2pi2c7
Λij,kl(m)T˜
ij
(
ω,
ωm
c
)
T˜ kl
(
ω,
ωm
c
)∗
, (25)
where EGW is the energy of GW, O is the solid angle and
∗ denotes the complex conjugate. In
order to eliminate the dependence on a polar angle assume a circular profile of the accelerated
plasma, i.e. replace θ(a−|y|)θ(a−|z|) in (6) and (20) with θ(r⊥−R), where r⊥ =
√
y2 + z2
and R is the radius of ion beam. The Fourier transforms of energy-momentum tensor take
the form
T˜ xxp
(
ω,
ωm
c
)
=
8piβ2fγ
4
fρ0Rc
5
ω3 sin θ cos θ
J1
(
ωR sin θ
c
)
×[
eiτpω(1−βi cos θ) − 1
1− βi cos θ −
eiτpω(1−βf cos θ) − 1
1− βf cos θ
] (26)
in the piston case, and
T˜ xxLS
(
ω,
ωm
c
)
=
4piρ0Rc
5τLS
ω2 sin θ cos θ
J1
(
ωR sin θ
c
)
×
1∫
0
dξξ2/3eiωτLS(1−cos θ)ξ sin
(
ωl cos θ
c
(
ΩτLSξ
4
)−1/3) (27)
in the Light Sail case. Here J1 is the Bessel function and θ is the angle between directions
of propagation of laser pulse and gravitational wave.
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FIG. 2: (Color online) (a) The scaling of the maximum metric distortions with laser
intensity for both models. The parameters are the same like for the spectrum below. (b)
The spectrum of gravitational waves in the piston model (’P’) for three different intensities.
The values used are R = 1µm, τ = 100 fs and the density ρ0 is given by (14). The spectrum
for light sail model (’LS’) and the same parameters is also included, but ρ0 = 1 g/cm
3 and
l is given by (4) in this case. In both cases the spectra are normalized to (dE/dω)max.
Taking into account that Λxx,xx = sin
4 θ/2 and integrating (25) over solid angle we get
the spectrum of GW, which is presented on the Figure 2 (b). The maximum of the spectrum
is located in the region ω ∼ 1/τp,LS because the perturbation is not periodic and has a finite
duration. We observe, that the spectrum shifts to the lower frequencies with the growth of
laser pulse intensity because of relativistic increasing of acceleration time, see Eqs. (7), (19).
Note, that for pulse parameters under consideration and target size of the order of microns
ωa/c ∼ ωR/c 1 if the frequency ω is located in the part of spectrum, where GW emission
is significant, see figure 2 (b). Therefore sine and Bessel functions in the equations (8), (21),
(26) and (27) can be expanded into Taylor series up to the first term, and Fourier transforms
for energy-momentum tensor for circular and square targets become the same. It means,
that the spectrum and also the angular distribution of gravitational radiation do not depend
on the shape of the target.
The angular distribution dEGW/(dωdθ) of the gravitational radiation is visualised in the
Figure 3. We observe the alignment of the radiation with the direction of propagation as
ions become relativistic. Indeed, (a) panel corresponds to vi ∼ 0.11c, (b) corresponds to
vi ∼ 0.3c, (c) corresponds to vi ∼ 0.65c and (d) corresponds to final ions velocity vi ∼ 0.994c
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FIG. 3: (Color online) (a) – (c) The angular distribution dEGW/(dωdθ) of gravitational
radiation in the piston model for three different intensities: (a) the non-relativistic piston
at I = 1020 W/cm2, (b) the weakly relativistic piston at I = 1022 W/cm2, (c) the
relativistic one for I = 1024 W/cm2. (d) The angular distribution dEGW/(dωdθ) of
gravitational radiation in the light sail model for I = 1024 W/cm2. The angle θ is
measured with respect to the direction of laser propagation, θ = 0◦ on x axes. Other
parameters are the same like in figure 2.
.
IV. CONCLUSION
The generation of high-frequency gravitational waves by high-power laser systems was
considered and their functional dependence on the laser-plasma interaction parameters was
derived.
In the piston regime the source of GW is the shock wave in a thick plasma target,
continuously increasing the mass of accelerated matter. In the light sail regime the mass of
accelerated matter remains constant, but the velocity is increasing.
The spectrum of GW has a typical pulse-like form with the maximum at (dE/dω)max ∼
10
1/τGW , where τGW is the duration of GW. For realistic laser and plasma parameters the GW
frequency is of the order of tens of THz. The direction of GW propagation depends on the
velocity of ions. Non-relativistic ions emit GW transversely to the direction of acceleration,
and the direction of GW propagation turns to the direction of acceleration with the increasing
of ion velocity.
In both cases investigated, the perturbations of the space-time metric are small and de-
tection is a challenge. High-frequency GW detectors were suggested32–34, which are based
on the coupling between gravitational and electromagnetic wave in the presence of back-
ground magnetic field (inverse Gertsenshtein effect35). The sensitivity for such detector was
estimated to be of the order of hrms ∼ 10−34 Hz−1/2, see32. For GW under consideration in
the present paper hrms ∼ h√τGW ∼ 10−47 Hz−1/2.
It should be noted, that the GW amplitude could not be sufficiently increased by increas-
ing of the laser intensity, because instead of acceleration the laser energy would be wasted
on strong field QED processes such as QED cascades7, which start at I & 1025 W/cm2 or
electron-positron pair creation from vacuum5,6, which starts at I & 1027 W/cm2 and in prin-
ciple is able to totally exhaust the laser pulse8. The focus spot radius of high intensity lasers
is of the order of wavelength, and it additionally restricts GW amplitude, due to limiting
the number of accelerated ions. However increasing of the laser pulse energy (i.e. the size
of the focus spot and the pulse duration) is a way to increase the energy of accelerated ions
and hence GW amplitude.
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